1. General results on unique balayage. Let G be a compact abelian group (written multiplicatively) with dual group T (written additively). If K c G is compact and A c r then, following Beurling [2] , balayage is said to be possible for (K, A), if, for every measure u E M(G) there is a measure v E M(K) with p(X) = v(X) for all XE A.
Here p. denotes the (inverse) Fourier transform ß(y) = ( y(x)Mx)-
We would like to thank Professor Colin Graham for acquainting us with the following problem of Professor S. Hartman. Determine whether there are nontrivial examples of sets K and A with K E T, the circle group, such that (1) balayage is possible for (K, A) and (2) if u E M(K) and /I|A = 0 then u = 0.
In any G and T, if these conditions are satisfied we shall say that unique balayage is possible for (A', A).
We recall that the coset ring of T is the smallest algebra of sets containing all cosets of subgroups of T. Our basic result is Theorem 1. Given A c T, in order that there be some K c G with unique balayage possible for (K, A) it is necessary that A belong to the coset ring of T.
Remark. We shall see in §2 that, when T = Z, there are some infinite A in the coset ring for which unique balayage is possible and others for which it is not.
Proof of Theorem 1. We first introduce some Banach spaces and reformulate the definition of unique balayage. 
Regarding M(K) as the dual space of C(A), we see that the adjoint S*:
Indeed, setting <p = p\A G 5(A), we have, for all/ G CA(G),
(<t>,f> = (f(x)dp(x) = (p,Sf/ so that we must have d> = S*p.
From (2) we see that unique balayage is possible for (K, A) if and only if 5"* is bijective. Supposing this to be the case, it follows [3, p. 479] that S is bijective and, therefore, invertible. Indeed, for/ G C(A), S~xfis the unique g G CA(G) with g|A = /.
Define P: C(G)^CA(G) by
Pf=S'x(f\K).
From the above, it follows that Pf is the unique g G CA(G) such that g|A = /|A. In particular, F is a bounded projection of C(G) onto CA(G). Theorem 1, therefore, follows from Theorem 2. A necessary and sufficient condition for the existence of a bounded projection P from C(G) onto CA(G) is that A belong to the coset ring of I.
Proof. This result and the argument establishing it are very similar to a result of Rosenthal [5, Theorem 3] about projections onto translationinvariant subspaces of LX(G). Some of the details differ, however.
Suppose, first, that such a P exists. Write/ for the translate,/(x) = f(xt), and define an operator Q on C(G) by (Qf)(x)=((Pf,)(xrx)dt (integral with respect to Haar measure).
Since G is compact, t\-*f, is norm continuous so that the integrand above is continuous in t. If y E T then y E C(G) and y, = y(f)y-Thus (Qy)(x)=( y(t)(Py)(xrx)dt JG = ( y(xrx)(Py)(t) dt = y(x)(Pyy (-y). Conversely, if A belongs to the coset ring of T, then so does -A and there is a measure a E M(G) such that â is the characteristic function of -A. In this case, if we set Pf = /* a, then P is a bounded projection of C(G) onto CA(G).
2. Examples in the circle group. In general, if A is finite, then unique balayage is possible for (Ä', A) if and only if K has the same cardinality as A and the characters in A, considered as functions on K, are linearly independent (for then, CA(G)\K has the same dimension as C(K)).
For less trivial results, we turn to the case G = T, the circle group (realized as {z: \z\ = 1}) so that Y -Z. We note that A belongs to the coset ring of Z if and only if A differs from a periodic set by at most a finite number of elements. We present, first, a class of examples showing that the converse to Theorem 1 fails.
Let n > 1 be an integer. Let 5 be a nontrivial, proper subset of (0, 1, 2 
Let H be the subgroup (1, w, w2, . . . , to"-1} of T. For each z G T, (3) is a set of relations which f\zH must satisfy. Since the n X n matrix whose y'fcth element is cojk has orthogonal rows the d relations in (3) are linearly independent. Thus, CA(T)\zH has dimension n -d = b. Since C(K)\zH has as its dimension the cardinality of K n zH, in order that the operator S (in equation (1) we see that/, E CA(T) and that/jA' = / so that S as defined in equation (1) is onto.
On the other hand, suppose/ E CA(T) and/|A" = 0. If Bibliography
